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Abstract
The paper is based on the Bachelor Thesis defended this year in ITEP, Moscow. This is
the extended version of [1] [arXiv:1707.02242] and contains a lot more technical details of the
calculations. We consider (1+1)-dimensional massless scalar field theory with Dirichlet boundary
conditions on arbitrary time-like curve. It is well known that in this situation there is a non-zero
energy flux at the tree-level, if the latter curve corresponds to a non–stationary motion of the
boundary. Such a problem is usually referred to as the radiation due to moving mirrors. We
calculate quantum loop corrections to the energy flux from moving mirrors and find that they grow
with time. Hence, they are not suppressed in comparison with the semi–classical contributions.
Thus, we observe the break down of the perturbation theory, discuss its physical origin and ways
to deal with such a situation.
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2
1 Introduction
It appears that quantum field theory in non–stationary situations and in the presence of a
medium is quite poorly understood in comparison with that in the vacuum state. Namely, it
frequently happens that the physical phenomena that appear in non–stationary situations are quite
counterintuitive, if one accepts the common wisdom which is gained during the study of the vacuum
quantum field theory. E.g. it is a commonly accepted opinion that the flux which is generated by
a moving mirror is saturated by its semi–classical value [2], [3]. The goal of the present paper is to
show that this is not the case in a self–interacting theory.
At the same time, it is known in condensed matter theory that in non–stationary situations in
non–Gaussian theories semi–classical approximation breaks down (see e.g. [4] and [5]). The same
situation is observed in de Sitter space quantum field theory [6]–[10]), in the scalar QED on the
strong electric field backgrounds [11], [12] and in the quantum corrections to the Hawking radiation
[13].
Non-stationarity leads to the absence of time homogeneity, which, in turn, leads to the violation
of the energy conservation law. That happens in non–closed system. As a result, there are such
processes, which are forbidden otherwise. For instance, in interacting theories non-stationarity
causes loop corrections to propagators to grow with time, which means that even if the coupling
constant is very small, the loop corrections to physical quantities become comparable to the tree-
level contributions during long enough time evolution. To understand the physics of secularly
growing corrections fully, it is necessary to make a resummation of at least leading contributions
coming from all loops. For the system considered in this paper the question of resummation is still
an open issue. In comparison with other systems with secularly growing loop corrections, this one
appears to be more complex: as it is shown in the main text of the paper, in addition to the fact
that in this case two-loop corrections to the two-point correlation functions grow with time non-
linearly, loop corrections to four-point correlation functions also demonstrate the secular growth,
and all these effects make it unclear how to produce the resummation.
The main text consists of 10 parts. In the section 2 we formulate the problem and find mode
functions, solving the wave equation with null boundary condition on some time-like curve. In
the section 3 we check if the canonical commutation relation between the field operator φ and its
conjugated momentum π is satisfied. In the section 4 we rederive the well-known formula for the
energy flux in the tree-level approximation. In the section 5 the Wightman function at coincident
points is computed. The section 6 contains the discussion of the free Hamiltonian in the presence
of mirrors. The sections 7-10 contain the details of the calculations of the loop corrections to the
Keldysh propagator. Finally, the section 11 contains the calculation of the loop corrections to the
four-point correlation functions.
2 Mode functions
We consider the massless, two–dimensional, real scalar field theory:
S =
∫
d2x
[
∂µφ∂
µφ− λ
4
φ4
]
,
with the field φ(t, x) being equal to 0 on some time-like curve
(
t, z(t)
)
, which is a world-line of
some massive object, called a mirror:
φ
(
t, z(t)
)
= 0.
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We assume that the boundary terms in the action are trivial.
Let us first study the tree-level approximation λ = 0. For any mirror world-line z(t) the field
operator φ(t, x) can be represented in the following form:
φ(t, x) =
∫ ∞
0
dk
2π
[
aωhk(t, x) + h. c.
]
,
where ak, a
†
k′ are annihilation and creation operators, satisfying the standard commutation algebra:
[ak, a
†
k′ ] = 2πδ(k − k′). Mode functions hk(t, x) solve Klein-Gordon equation and satisfy the same
boundary condition as the field φ:
hk
(
t, z(t)
)
= 0.
In this section we find modes hk(t, x) for arbitrary mirror world-line z(t).
2.1 Modes for the mirror at rest
Let us start with the case when the mirror is always at rest, i.e. with the world-line z(t) ≡ 0. To
quantize the theory we solve the free wave equation (λ = 0) with the following boundary conditions
(see figure 1):
∂µ∂
µφ ≡ ∂2φ(t, x) = 0, and φ(t, 0) = 0. (1)
Any solution to this equation can be represented in the following form:
φ(t, x) =
∫ ∞
0
dk
2π
sin(kx)
[
Ake
−ikt +A∗ke
ikt
]
,
where Ak is a function of k. So, the quantized field φ(t, x) takes the form:
φˆ(t, x) =
∫ ∞
0
dk
2π
sin(kx)
[
Ake
−ikt aˆk + h. c.
]
,
where the creation and annihilation operators ak, a
†
k satisfy the commutation relations:
[ak′ , a
†
k] = 2πδ(k − k′). (2)
Requiring the field operator and its conjugate momentum to satisfy the canonical commutation
relation, we obtain the coefficient Ak. On the one hand,
[φ(x, t), ∂tφ(y, t)] = iδ(x − y).
On the other hand,
[φ(x, t), ∂tφ(y, t)] = 2
∫ ∞
0
dk
2π
(ik)|Ak |2 sin(kx) sin(ky).
Defining Ak =
√
2/k, we obtain:
[φ(x, t), ∂tφ(y, t)] =− i
∫ ∞
0
dk
2π
[
eik(x+y) − eik(x−y) − e−ik(x−y) + e−ik(x+y)] =
= −i
∫ ∞
−∞
dk
2π
[
eik(x+y) − eik(x−y)] = iδ(x − y)− iδ(x + y). (3)
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Figure 1: The world line of a mirror at rest. The field φ is equal to 0 on it. QFT is considered in
the region to the right hand side of the mirror.
In addition to the expected term iδ(x − y), we obtain the term iδ(x + y), which is not equal to 0
only when x = y = 0, i.e. when both points are on the boundary, and, hence, we can drop it off.
Thus, modes hk have the following form:
hk(t, x) =
√
2
k
sin(kx)e−ikt.
In the light-cone coordinates v = t+ x, u = t− x:
hk(u, v) =
i√
2k
[
e−ikv − e−iku]. (4)
The first exponential function e−ikv just represents a plane wave, moving towards the mirror, while
the second one e−iku is a wave, reflected from the mirror in such a way to provide the null boundary
conditions on it.
2.2 Modes for the mirror moving with constant velocity
To find the modes in this case
∂2φ(t, x) = 0, and φ(t,−βt) = 0, (5)
one should just find a reflected wave, which provides the right boundary conditions. It is obvious
that the following modes
hk(u, v) =
i√
2k
[
e−ikv − e−ikαu] (6)
satisfy the wave equation and are equal to 0 on the line (t,−βt), with α being equal to 1− β
1 + β
.
2.3 Modes for a broken world-line
Let us continue with the case, when the mirror stays at rest until t = 0 and then instantaneously
starts its motion with a constant speed (see figure 2):
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Figure 2: A broken world-line. Reflected waves in regions u > 0 and u < 0 are different.
z(t) =
{
0 t < 0
−βt t ≥ 0. (7)
In such a situation we just have different reflected waves in different space-time regions:
hk(u, v) =
i√
2k
[
e−ikv − θ(−u)e−iku − θ(u)e−ikαu]. (8)
It is straightforward to check that these modes obey the Klein-Gordon equation and satisfy the
necessary boundary conditions.
2.4 Modes for an arbitrary world-line
If we know the solution to the wave equation with null boundary conditions on the broken
world-line (figure 2), then it is possible to obtain from it a solution, which is equal to 0 on an
arbitrary smooth world-line (figure 3): We are going to approximate the world-line by a broken
curve, write modes for this discretization and then take the limit when the broken curve becomes
smooth.
So, let us consider the following world-line: z(t) ≡ 0, t < 0 and when t ≥ 0 this world-line
consists of straight lines connecting points (ti, zi) and (ti−1, zi−1), i = 1, . . . ,∞, with (t0, z0) being
equal to (0, 0). We also suppose that ti− ti−1 = ∆t for all values of i and that zi < zi−1. We know
the solution to KG equation in this case to be as follows:
e−ikv−θ(−u)e−iku−
∞∑
i=1
θ
[−(t−x)+ti−zi]·θ[t−x−(ti−1−zi−1)]·exp
[
−iω
(
αiu+
zi−1ti − ziti−1
∆t
(1+αi)
)]
,
with αi standing for
1− βi
1 + βi
, where βi = −zi − zi−1
∆t
≡ −∆zi
∆t
≥ 0.
The series written above consists of exponents, which solve KG equation and provide the correct
boundary conditions in different regions of space-time, given by the theta-functions. Now we expand
all functions of ti−1 near ti to the first order in ∆t:
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∞∑
i=1
θ
[− (t− x) + ti − zi] · θ[t− x− (ti−1 − zi−1)] · exp
{
− iω
(
αiu+ (1 + αi)
zi−1ti − ziti−1
∆t
)}
=
=
∞∑
i=1
θ
[− (t− x) + ti − zi] ·
(
θ
[
t− x− (ti − zi)
]
+ δ
[
t− x− (ti − zi)
](
1− ∆zi
∆t
)
∆t
)
×
× exp
{
− iω
[
αiu+ (1 + αi)
(
zi − ∆zi
∆t
ti
)]}
+O(∆t2).
Figure 3: An arbitrary smooth world-line.
Using the fact that θ(x)θ(−x) = 0, we simplify this sum to:
θ(0)
∞∑
i=1
∆t δ
[
t− x− (ti − zi)
](
1− ∆zi
∆t
)
· exp
{
− iω
[
αiu+ (1 + αi)
(
zi − ∆zi
∆t
ti
)]}
+O(∆t2).
Taking the limit ∆t→ 0, we almost obtain the final result:
θ(0)
∫ ∞
0
dτ δ
[
u−(τ−z(τ)](1−dz
dτ
)
·exp
{
−iω
[
α(τ)u+
(
1+α(τ)
)(
z(τ)−dz
dτ
τ
)]}
= θ(0)·e−iω(2tu−u),
where tu is implicitly defined by the equation: u = tu − z(tu). Comparing this result to what one
should obtain in the case z(t) ≡ 0, t > 0 it follows that we should put θ(0) = 1 here.
Thus, for an arbitrary mirror world-line z(t) we have the following modes (see [2],[3]):
hk(u, v) =
i√
2k
[
e−ikv − e−ik(2tu−u)], (9)
where tu is a solution of the equation: tu − z(tu) = u.
3 Canonical commutation relations
In this section we check that above defined modes (9) provide the correct commutation relation
between the field operator φ and the conjugate momentum π = ∂tφ:
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φ(u, v) =
∫ ∞
0
dk
2π
[
akhk(u, v) + h. c.
]
,
∂tφ =
∫ ∞
0
dk
2π
√
k
2
[
ak
[
e−ikv − e−ik(2tu−u)
(
2
dtu
du
− 1
)]
+ h. c.
]
.
Substituting these expressions into the commutor [φ, π] and using eq. (2), we obtain:
[φ(t, x), ∂tφ(t, y)] =
i
2
∫ ∞
0
dk
2π
[[
e−ikvx − e−ik(2t(ux)−ux)][eikvy − eik(2t(uy)−uy)f(uy)]+ h. c.
]
,
where
f(u) = 2
dtu
du
− 1 = 2
1− z′(tu) − 1 =
2
1 + β(tu)
− 1 = 1− β(tu)
1 + β(tu)
(we suppose that z′(t) = −β(t) and β(t) ≥ 0). Therefore,
[φ(t, x), ∂tφ(t, y)] =
i
2
{
δ
[
vx − vy
]
+ f(uy) · δ
[
2t(ux)− ux − 2t(uy) + uy
]−
− f(uy) · δ
[
vx − 2t(uy) + uy
]− δ[2t(ux)− ux − vy]
}
=
=
i
2
[
δ(vx − vy) + f(uy)|f(uy)|δ(ux − uy) + boundary terms
]
= iδ(x − y) + boundary terms .
”Boundary terms” stand for the contributions, which are proportional to f(uy)δ
[
vx−2t(uy)+uy
]
+
δ
[
2t(ux) − ux − vy
]
. The latter δ-functions are not equal to 0 only when x = y = z(t), i.e. when
both points simultaneously lie on the boundary. So, in the region to the right of the boundary, we
obtain the standard commutation relation:
[φ(t, x), π(t, y)] = iδ(x− y). (10)
4 The expectation value of the energy-momentum tensor (tree-
level contribution)
In this section we study how the mirror motion influences the energy flux at tree-level (described
by the tx−component of the energy-momentum tensor). For the beginning, we reproduce the well
known formula for a general case of a mirror motion [2]. Then we obtain the answers for some
concrete cases.
4.1 A general world-line
To calculate Ttx, we use the following procedure to regularize divergent integrals [3]:
〈Ttx〉 = lim
ε→0
1
2
〈
∂tφ(t, x)∂xφ(t+ iε, x) + ∂xφ(t, x)∂tφ(t+ iε, x)
〉
, (11)
where the average is taken with respect to the ground state |0〉, corresponding to the modes under
consideration (such that ak |0〉 = 0 for all k). Substituting the expression of the field operator
φ(t, x) through the modes hk(u, v) into this formula, we obtain the following expression:
〈Ttx〉 = lim
ε→0
1
4π
∫ ∞
0
dk k
[
e−kǫ − p′(u)p′(u+ iε)eik[p(u+iε)−p(u)]],
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where p(u) = 2τu − u and p′(u) = dp
du
. Performing integration and taking the limit as ǫ goes to
0, we obtain the formula, valid for an arbitrary mirror world-line. Furthermore, the result can be
expressed in terms of mirror velocity [3]:
〈Ttx〉 (u) = 1
24π
[
p
′′′
p′
− 3
2
(
p
′′
p
′
)2]
= − 1
12π
(1 + v)1/2
(1− v)3/2
d
dt
v˙
(1− v2)3/2
∣∣∣∣
t=τu
. (12)
One can notice that
v˙
(1− v2)3/2 is the mirror acceleration in its instantaneous rest frame.
4.2 Examples
Let us look for the applications of the formula for Ttx, that was obtained in the previous sub-
section.
If the mirror moves with a constant speed, then its proper acceleration is equal to 0, so the
formula gives Ttx = 0.
In the case of the broken world-line the equation under consideration does not work, because
the derivative of p(u) is not defined. Nevertheless, we can easily obtain 〈Ttx〉 from straightforward
calculations. In this case we should take modes from eq. (8). Their spatial and time derivatives
are:
∂thk(u, v) = (∂v + ∂u)hk(u, v) =
√
k
2
[
θ(u)
(
e−ikv − αe−ikαu)+ θ(−u)(e−ikv − e−iku)],
∂xhk(u, v) = (∂v − ∂u)hk(u, v) =
√
k
2
[
θ(u)
(
e−ikv + αe−ikαu
)
+ θ(−u)(e−ikv + e−iku)].
Now we substitute these derivatives into the eq. (11) for Ttx :
〈Ttx〉 = 1
4π
lim
ε→0
{∫ ∞
0
kdk
[
θ(u)θ(u+ iε)
(
e−kε − α2e−kαε)+ θ(−u)θ(−u− iε)(e−kε − e−kε)]+
+
∫ ∞
0
kdk
[
θ(u)θ(−u− iε)(e−kε − αe−ikαueikue−kε)+ θ(−u)θ(u+ iε)(e−kε − αe−ikueikαue−kαε)]} =
=
1
4π
lim
ε→0
{
θ(−u)θ(u+ iε)
[
1
ε2
+
α[
u(α− 1) + iαε]2
]
+ θ(u)θ(−u− iε)
[
1
ε2
+
α[
u(1− α) + iε]2
]}
=
=
1
4π
lim
ε→0
{
θ(−u)
[
θ(u) + δ(u)iε − 1
2
δ′(u)ε2 +O(ε3)
][
1
ε2
+
α
u2(α− 1)2 +O(ε)
]
+
+ θ(u)
[
θ(−u)− δ(u)iε + 1
2
δ′(u)ε2 +O(ε3)
][
1
ε2
+
α
u2(α− 1)2 +O(ε)
]}
=
=
1
4π
lim
ε→0
{
1
2
δ′(u)
[
θ(u)− θ(−u)]+O(ε)} = 1
8π
δ′(u)
[
θ(u)− θ(−u)].
Despite the fact that this result is defined only as a generalized function, it meets the physical
requirements, according to which it is not equal to 0 only when u = 0.
We are also interested to obtain 〈Ttx〉 for the world-line, which approaches the light-like line as
t goes to infinity (see figure 4):
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z(t) =
{
0 t < 0
−t+ a(1− e−t/a) t ≥ 0, (13)
where 1/a is proportional to the mirror proper acceleration. To obtain 〈Ttx〉 in this case we use
the general formula. Let us first calculate the derivatives of p(u):
p(u) ≡ 2tu − u ≡ tu + z(tu) = a
(
1− e−tu/a),
p′(u) ≡ dp
du
=
dp
dtu
dtu
du
=
(
1− dz
dtu
)−1 dp
dtu
=
e−tu/a
2− e−tu/a =
1
2etu/a − 1 ,
p′′(u) = −2
a
· e
−tu/a
(2− e−tu/a)3 , p
′′′(u) =
(
2
a
)2 e−tu/a(1 + e−tu/a)
(2− e−tu/a)5 .
As the result,
〈Ttx〉 = 1
12πa2
2e−tu/a − 1
(e−tu/a − 2)4 .
When u goes to infinity, the energy flux becomes almost constant and equal to − 1
24 · 12πa2 .
Figure 4: The world-line of the mirror, approaching the speed of light.
5 The Wightman function (tree-level contribution)
In this section we consider the tree-level behaviour of the Wightman function at the coincident
points for different mirror world–lines:
DW (x, y)
∣∣
x→y
≡ 〈φ(t, x)φ(t + iǫ, x)〉 =
∫ ∞
0
dk
2π
1
2k
[
e−ikv − e−ikpu
] [
eik(v+iǫ) − eikp(u+iǫ)
]
=
=
∫ ∞
0
dk
2π
1
2k
[
e−kǫ + e−kǫp
′(u) − e−k
(
ǫ+i(pu−v)
)
− e−k
(
ǫp′(u)+i(v−pu)
)]
=
=
1
4π
log
[ǫ+ i(pu − v)] [ǫp′(u) + i(v − pu)]
ǫ2p′(u)
=
1
4π
log
[
1 +
i(v − pu)
ǫp′(u)
+
i(pu − v)
ǫ
+
(pu − v)2
ǫ2p′(u)
]
≈
≈ 1
4π
log
(pu − v)2
ǫ2p′(u)
, as ǫ→ 0.
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First, consider the case of the mirror’s world–line, approaching asymptotically the speed of
light, (13). For this world-line p(u) and its derivative in the limit u→∞ are as follows:
p(u) = a
(
1− e−tu/a) ≈ a,
p′(u) =
1
2etu/a − 1 ≈
e−u/2a
2
.
Thus, in this case the Wightman propagator at coincident points grows linearly in u and logarith-
mically in v:
DW (x, y)
∣∣
x→y
≈ 1
4π
log
2eu/2a(a− v)2
ǫ2
=
1
4π
[
u
2a
+ log
2(a− v)2
ǫ2
]
, u→∞. (14)
Second, consider the following world-line (β < 1):
z(t) =
{
0 t < 0
−βt+ a(1− e−βt/a) t ≥ 0,
which describes the mirror which approaches, as t → +∞, a velocity which is less than speed of
light, β < 1. Then, p(u) and p′(u) for u→∞ are as follows:
p(u) = tu(1− β) + a
(
1− e−βtu/a) ≈ tu(1− β) ≈ αu,
p′(u) =
1− β(1− e−βtu/a)
1 + β(1− e−βtu/a) ≈
1− β
1 + β
≡ α.
So, for this world-line the Keldysh propagator at coinciding points grows logarithmically as the
function of (αu− v):
DW (x, y)
∣∣
x→y
≈ 1
4π
log
(
αu− v)2
αǫ2
, u→∞. (15)
Such a behavior of the Wightman function is very similar to the one of the massless minimally
coupled scalar field in the four–dimensional de Sitter space–time: see e.g. [15] and [16] for the
explanations and extensions. We will see below that the loop contributions in the case under study
have also very similar behaviour to those in the case of the massless scalars in de Sitter space.
6 The free Hamiltonian
In this section we find the free Hamiltonian for various mirror world-lines and show that for
non-stationary mirror world-lines it can not be diagonalized once and forever. Nevertheless, some
linear combination of the Hamiltonian H and the momentum operator P , which is an evolution
operator along the direction of the mirror world line, can be diagonalized when the motion of the
mirror becomes stationary.
6.1 The mirror at rest
Let us calculate the free Hamiltonian, integrating the energy density over the spatial coordinate:
H0 =
1
2
∫ ∞
0
dx
[
(∂tφ)
2 + (∂xφ)
2
]
. (16)
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Substituting the field operator, expressed in terms of the modes from eq. (4), into this formula, we
obtain:
H0 =
1
2
∫ ∞
0
dk
2π
∫ ∞
0
dk′
2π
√
kk′
∫ ∞
0
dx
[ (
akak′ + a
†
ka
†
k′
)(
e−i(k+k
′)v + e−i(k+k
′)u
)
+
+
(
aka
†
k′ + a
†
kak′
)(
e−i(k−k
′)v + e−i(k−k
′)u
)]
.
The first term gives δ(k+k′) after the integration over x, the second one − δ(k−k′). Consequently,
H0 =
1
2
∫ ∞
0
dk
2π
k
[
aka
†
k + a
†
kak
]
. (17)
We see that the modes we have found diagonalize the free Hamiltonian.
6.2 The mirror moving with a constant velocity
Using eq. (16) and the modes (6), we find that in this case the Hamiltonian depends on time:
H =
1
4
∫ ∞
0
dω
2π
(1 + α)ω
[
aωa
†
ω + a
†
ωaω
]
+
+
i
2
(α− 1)
∫ ∞
0
dω
2π
∫ ∞
0
dω′
2π
√
ωω′(ω + ω′)
(ω + ω′)2 + 02
[
aωaω′e
−it(1−β)(ω+ω′) − a†ωa†ω′eit(1−β)(ω+ω
′)
]
+ (18)
+
i
2
(α− 1)
∫ ∞
0
dω
2π
∫ ∞
0
dω′
2π
√
ωω′(ω − ω′)
(ω − ω′)2 + 02
[
aωa
†
ω′e
−it(1−β)(ω−ω′) − a†ωaω′eit(1−β)(ω−ω
′)
]
.
It means that it can not be diagonalized once and forever. Also, we see that the operator of
momentum has the same structure:
P =
1
2
∫ ∞
−βt
dx
[
∂tφ ∂xφ+ ∂xφ ∂tφ
]
=
1
4
∫ ∞
0
dω
2π
(1− α)ω
[
aωa
†
ω + a
†
ωaω
]
+
− i
2
(α+ 1)
∫ ∞
0
dω
2π
∫ ∞
0
dω′
2π
√
ωω′(ω + ω′)
(ω + ω′)2 + 02
[
aωaω′e
−it(1−β)(ω+ω′) − a†ωa†ω′eit(1−β)(ω+ω
′)
]
+ (19)
− i
2
(α+ 1)
∫ ∞
0
dω
2π
∫ ∞
0
dω′
2π
√
ωω′(ω − ω′)
(ω − ω′)2 + 02
[
aωa
†
ω′e
−it(1−β)(ω−ω′) − a†ωaω′eit(1−β)(ω−ω
′)
]
.
Since
α− 1 = − 2β
1 + β
and α+ 1 =
2
1 + β
, (20)
we notice that the following linear combination of H and P has a very simple form and is diagonal:
H − βP = 1
2
∫ ∞
0
dω
2π
(1− β)ω
[
aωa
†
ω + a
†
ωaω
]
. (21)
This result is not surprising, because the operator H − βP defines translations along the direction
of motion of the mirror (we mean space-time direction). In fact,
exp
(− iPµxµ)
∣∣∣∣
x=−βt
= exp(−iHt− iPx)
∣∣∣∣
x=−βt
= exp
[− it(H − βP )].
At the same time, as can be seen from the equations (18) and (19), if β → 1 (mirror approaches
the speed of light) H and P are time independent and can be diagonalized separately.
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6.3 The broken world-line
In this case it is possible to represent modes in the following form (see the equation (8)):
hk(u, v) = θ(u)h
β
k (u, v) + θ(−u)h0k(u, v), (22)
where
h0k(u, v) =
i√
2k
[
e−ikv − e−iku], and hβk(u, v) = i√2k
[
e−ikv − e−ikαu].
We can also represent derivatives of the modes as follows:
∂thω(u, v) = θ(u)∂th
β
ω + θ(−u)∂th0ω,
∂xhω(u, v) = θ(u)∂xh
β
ω + θ(−u)∂xh0ω.
Similarly, the field operator φ and its derivatives can be rewritten in the same form:
φ = θ(u)φβ + θ(−u)φ0,
∂tφ = θ(u)∂tφ
β + θ(−u)∂tφ0,
∂xφ = θ(u)∂xφ
β + θ(−u)∂xφ0,
where φβ contains expansion in hβ modes, while φ0 — in h0 modes. From the relations above it
follows that the Hamiltonian and the momentum operator have the following structure:
H = θ(−t)H0 + θ(t)
[ ∫ t
−βt
dx
[
(∂tφ
β)2 + (∂xφ
β)2
]
+
∫ ∞
t
dx
[
(∂tφ
0)2 + (∂xφ
0)2
]]
,
P = θ(−t)P 0 + θ(t)
[ ∫ t
−βt
dx
[
∂tφ
β∂xφ
β + ∂xφ
β∂tφ
β
]
+
∫ ∞
t
dx
[
∂tφ
0∂xφ
0 + ∂xφ
0∂tφ
0
]]
,
where H0 and P0 are the same Hamiltonian and momentum operator as in the case, in which the
mirror is at rest.
Now we substitute expressions of the field φ and its derivatives through the operators aω, a
†
ω
into the expressions above:
H = θ(−t)H0+θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
[
aωaω′
(
e−i(ω+ω
′)t e
−i(ω+ω′)x
−i(ω + ω′)
∣∣∣∣
t
−βt
+α2e−i(ω+ω
′)αt e
i(ω+ω′)αx
i(ω + ω′)α
∣∣∣∣
t
−βt
)
+
+ ...
]
+ θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
[
aωaω′
(
e−2i(ω+ω
′)t
i(ω + ω′)
− 1
i(ω + ω′)
)
+ ...
]
.
The ellipsis denote similar terms with aωa
†
ω′ , a
†
ωaω′ and a
†
ωa
†
ω′ .
The explicit form of the Hamiltonian is as follows:
H = θ(−t)H0+θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
[
aωaω′ ξ(ω, ω
′)+aωa
†
ω′ ξ(ω,−ω′)+a†ωaω′ ξ(−ω, ω′)+a†ωa†ω′ ξ(−ω,−ω′)
]
,
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where
ξ(ω, ω′) = e−i(ω+ω
′−iε)t e
−i(ω+ω′−iε)x
−i(ω + ω′ − iε)
∣∣∣∣
t
−βt
+ α2e−i(ω+ω
′+iε)αt e
i(ω+ω′+iε)αx
i(ω + ω′ + iε)α
∣∣∣∣
t
−βt
+
+
e−2i(ω+ω
′−iε)t
i(ω + ω′ − iε) −
1
i(ω + ω′ + iε)
=
e−i(ω+ω
′−iε)(1−β)t
i(ω + ω′ − iε) +
α− 1
i(ω + ω′ + iε)
− αe
−i(ω+ω′+iε)(1−β)t
i(ω + ω′ + iε)
.
(23)
Consequently, after simplifying the Hamiltonian, we have:
H = θ(−t)H0 + θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
v.p.
1
ω + ω′
1
i
[
(1− α)e−i(ω+ω′)(1−β)t + (α− 1)]aωaω′+
+ θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
{
ω → −ω, ω′ → −ω′}a†ωa†ω′+
+ θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
v.p.
1
ω − ω′
1
i
[
(1− α)e−i(ω−ω′)(1−β)t + (α− 1)]aωa†ω′+
+ θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
{
ω → −ω, ω′ → −ω′}a†ωaω′ + θ(t)12
∫
dω
2π
ω
[
a†ωaω + aωa
†
ω
]
.
(24)
Performing the same steps as above, we also obtain the momentum operator:
P = θ(−t)P 0 + θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
v.p.
1
ω + ω′
1
i
[
e−i(ω+ω
′)(1−β)t(1 + α) + (1− α)]aωaω′+
+ θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
{
ω → −ω, ω′ → −ω′}a†ωa†ω′+
+ θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
v.p.
1
ω − ω′
1
i
[
e−i(ω−ω
′)(1−β)t(1 + α) + (1− α)]aωa†ω′+
+ θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2
{
ω → −ω, ω′ → −ω′}a†ωaω′ .
(25)
One can see that the coefficients in the expression of the Hamiltonian and of the momentum operator
through creation and annihilation operators depend on time. However, if we now calculate the linear
combination H − βP , this dependence on time disappears. Namely,
H − β(t)P = θ(−t)H0 + θ(t)
∫∫
dω
2π
dω′
2π
√
ωω′
2i
(α− 1)(1 + β)
[
v.p.
1
ω + ω′
aωaω′+
+ v.p
1
−ω − ω′ a
†
ωa
†
ω′ + v.p
1
ω − ω′ aωa
†
ω′ + v.p
1
−ω + ω′ a
†
ωaω′
]
+ θ(t)
1
2
∫
dω
2π
ω
[
a†ωaω + aωa
†
ω
]
,
(26)
where we use that in the case under study β = 0 for t < 0 and β = const 6= 0 for t > 0.
Thus, after t = 0, the linear combination H − β(t)P can be diagonalized. Furthermore, we
already know mode functions and creation-annihilation operators, diagonalizing it in the future,
namely, those we obtained in the previous subsection.
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7 General expressions for loop corrections
Let us now turn to the calculation of loop corrections due to the interaction λφ4 with the use of
Schwinger-Keldysh diagram technique (one can find its derivation in [4],[5]). Two-loop corrections
to all propagators G±±xy , G
±∓
xy have the following form (up to a numerical factor) (for more details
see, for example, [13],[4]):
∆Gxy = λ
2
∫
dz dw GxzΣzwGwy, (27)
where
G =
[
G−− G−+
G+− G++
]
and Σ =
[−G−−3 G−+3
G+−3 −G++3
]
.
In particular,
∆G−−xy = λ
2
∫
d2z d2w
[
−G−−xz G−−3zw G−−wy +G−−xz G−+3zw G+−wy +G−+xz G+−3zw G−−wy −G−+xz G++3zw G+−wy
]
,
∆G++xy = λ
2
∫
d2z d2w
[
−G+−xz G−−3zw G−+wy +G+−xz G−+3zw G++wy +G++xz G+−3zw G−+wy −G++xz G++3zw G++wy
]
,
and
∆GKxy =
1
2
[
∆G−−xy +∆G
++
xy
]
. (28)
This correction to the Keldysh propagator is the sum of the following diagrams:
∆GKxy =
∑
σ,σi=±1
x, σ z, σ1 w, σ2 y, σ
(29)
Let us write out expressions for propagators Gσ1σ2xy through the modes hk:
G−−xy = 〈Tφ(x)φ(y)〉 = θ(x0 − y0)
∫
dk
2π
hk(x)h¯k(y) + θ(y
0 − x0)
∫
dk
2π
hk(y)h¯k(x);
G++xy = 〈T˜ φ(x)φ(y)〉 = θ(x0 − y0)
∫
dk
2π
hk(y)h¯k(x) + θ(y
0 − x0)
∫
dk
2π
hk(x)h¯k(y);
G+−xy = 〈φ(x)φ(y)〉 =
∫
dk
2π
hk(x)h¯k(y); G
−+
xy = 〈φ(y)φ(x)〉 = G+−yx .
(30)
Note that due to G−−x1x2 =
(
G++x1x2
)∗
and G−+x1x2 =
(
G+−x1x2
)∗
, we have that ∆G−−xy =
(
∆G++xy
)∗
.
Substituting expressions of propagators through the modes into eq. (28), we see that the correction
to Keldysh propagator can be rewritten as follows:
∆GKxy =
∫∫
dk
2π
dk′
2π
[
nkk′h¯k(x)hk′(y) + κkk′hk(x)hk′(y) + h. c.
]
, (31)
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where:
nkk′ =λ
2
∫
d2z d2w hk(z)h¯k′(w)
[ ∫
dp
2π
hp(z)h¯p(w)
]3[− θ(z0 − x0)θ(z0 −w0)θ(y0 − w0) + θ(y0 − w0)+
+ θ(x0 − z0)− θ(x0 − z0)θ(w0 − z0)θ(w0 − y0)]+
+ λ2
∫
d2z d2w hk(z)h¯k′(w)
[ ∫
dp
2π
hp(w)h¯p(z)
]3[− θ(z0 − x0)θ(w0 − z0)θ(y0 − w0)−
− θ(x0 − z0)θ(z0 − w0)θ(w0 − y0)].
(32)
In the limit we are interested in (namely, (x0 + y0)/2→∞, while |x0 − y0| = const), one may put
x0 ≈ y0 ≈ T → ∞ in the leading approximation. Substituting x0 ≈ y0 ≈ T into the formula for
nkk′ and simplifying factors, containing theta-functions, we obtain the leading expression:
nkk′(T ) ≈ 2λ2
∫
d2z d2w θ(T − w0)θ(T − z0) hk(z)h¯k′(w)
[ ∫
dp
2π
hp(z)h¯p(w)
]3
. (33)
Similarly:
κkk′ = λ
2
∫
d2z d2w h¯k(z)h¯k′(w)
[ ∫
dp
2π
hp(z)h¯p(w)
]3[− θ(x0 − z0)θ(z0 −w0)θ(y0 − w0)− θ(z0 − w0)+
+ θ(z0 − x0)− θ(z0 − x0)θ(w0 − z0)θ(w0 − y0)]+
+ λ2
∫
d2z d2w h¯k(z)h¯k′(w)
[ ∫
dp
2π
hp(w)h¯p(z)
]3[− θ(x0 − z0)θ(w0 − z0)θ(y0 − w0)− θ(w0 − z0)+
+ θ(w0 − y0)− θ(z0 − x0)θ(z0 − w0)θ(w0 − y0)].
(34)
After the substitution x0 ≈ y0 ≈ T , we obtain the leading expression in the limit T → +∞:
κkk′(T ) ≈ λ2
∫
d2z d2w h¯k(z)h¯k′(w)
{
− 2θ(T − z0)θ(z0 − w0)
[ ∫
dp
2π
hp(z)h¯p(w)
]3
−
−2θ(T − w0)θ(w0 − z0)
[ ∫
dp
2π
hp(w)h¯p(z)
]3}
.
Swapping the integration variables w and z in the second integral, we obtain the final expression:
κkk′(T ) ≈ −2λ2
∫
d2z d2w θ(T − z0)θ(z0 −w0)
[
h¯k(z)h¯k′(w) + h¯k(w)h¯k′(z)
][ ∫
dp
2π
hp(z)h¯p(w)
]3
.
(35)
Below we calculate the explicit behaviour of nkk′(T ) and κkk′(T ) as T →∞, via substitution into
the above equations different concrete forms of modes hk for various types of mirror motions.
8 Calculation of two-loop corrections to nkk′
In this section we calculate nkk′ (33) for various types of mirror world-lines.
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8.1 The situation in the empty space–time (without mirror)
Let us first consider the simplest case, when there is no mirror and we deal with the standard
scalar field theory in the entire 1 + 1 Minkowski space-time. For this calculation we keep the mass
m arbitrary. Modes in this case are plane waves:
hk(t, x) =
1√
2εk
e−i(εkt−kx), where εk =
√
k2 +m2 and −∞ < k <∞.
In such a case the integral over the coordinates z = (z0, z1) and w = (w0, w1) in eq. (33) can be
rewritten as follows:∫ T
t0
dz0 e−i(εk+
∑
i εpi)z
0
∫ T
t0
dw0 ei(εk′+
∑
i εpi)w
0
∫ ∞
−∞
dz1 ei(k+
∑
i pi)z
1
∫ ∞
−∞
dw1 e−i(k
′+
∑
i pi)w
1
. (36)
Obviously, in the limit T →∞, t0 → −∞ this expression is equal to
δ
(
εk +
∑
i
εpi
)
δ
(
εk′ +
∑
i
εpi
)
δ
(
k +
∑
i
pi
)
δ
(
k′ +
∑
i
pi
)
=
= δ(0)δ
(
εk +
∑
i
εpi
)
δ
(
k +
∑
i
pi
)
δ
(
k − k′) ∝
∝ (T − t0)δ(k − k′)δ
(
εk +
∑
i
εpi
)
δ
(
k +
∑
i
pi
)
,
(37)
where we have used that δ(0) ∝ T − t0.
The result is proportional to T − t0, but (εk +
∑
i εpi) is never equal to 0, so the correction
to nkk′ does not grow with time. In fact, it is equal to 0. Note, however, that for the case when
m = 0 we may encounter the standard infrared divergences in the integrals defining nkk′, which
are coming from the mode normalisation factors. The same sort of divergences we will encounter
below. To deal with them we will always assume that we consider the massive scalar field with
m→ 0.
8.2 The mirror at rest
Now let us consider the case, when there is the mirror and it is at rest. Calculating nkk′, let us
first take the integral over the variable z (we use the modes (3)):∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) =
∫ T
t0
dz0
∫ ∞
0
dz1 hk(z)hp1(z)hp2(z)hp3(z) =
=
1√
24 · kp1p2p3
∫ T
t0
dz0
∫ ∞
0
dz1 (e−ikv − e−iku)(e−ip1v − e−ip1u)(e−ip2v − e−ip2u)(e−ip3v − e−ip3u) =
=
1√
24 · kp1p2p3
∫ T
t0
dz0 e−i(k+p1+p2+p3)z
0
∫ ∞
0
dz1
∑
σ,σi=±1
σσ1σ2σ3 e
−i(σk+σ1p1+σ2p2+σ3p3)z1 .
(38)
There are 16 terms in the sum, which are different from each other by the signs in front of k, p1, p2, p3
in the argument of exponential function. If the number of ”−”-signs in the argument of exponent
is even (odd), then this term comes with + (−) in front of it.
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The above expression is equal to:
1√
24 · kp1p2p3
( ∑
σ,σi=±1
σσ1σ2σ3
1
i(σk +
∑
i σipi − iǫ)
)∫ T
t0
dz0 e−i(k+p1+p2+p3)z
0
.
When T →∞ and t0 → −∞, the last integral tends to the δ-function:∫ T
t0
dz0 e−i(k+p1+p2+p3)z
0 ≈ 2πδ(k + p1 + p2 + p3).
As k, p1, p2, p3 ≥ 0, the equality k+p1+p2+p3 = 0 can be fulfilled only when k = p1 = p2 = p3 = 0.
Therefore,∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) =
1√
24 · kp1p2p3
· 2πδ(k + p1 + p2 + p3)×
×
( ∑
σ,σi=±1
σσ1σ2σ3
1
i(σk +
∑
i σipi − iǫ)
)
.
Hence,
nkk′(T ) =λ
2 1
24 ·
√
kk′
∫ ( 3∏
i=1
dpi
2π
)
1
p1p2p3
2πδ(k + p1 + p2 + p3) · 2πδ(k′ + p1 + p2 + p3)×
×
( ∑
σ,σi=±1
σσ1σ2σ3
1
i(σk +
∑
i σipi − iǫ)
)
·
( ∑
σ,σi=±1
σσ1σ2σ3
−1
i(σk′ +
∑
i σipi + iǫ)
)
.
(39)
Note that due to the presence of the δ-functions the expressions in the round brackets are equal to
0, and nkk′ = 0.
Above we again encounter the standard complication due to the infrared divergence of the
massless case. It comes from the mode normalization factors at p1,2,3 = k = k
′ = 0. To understand
what is going on here we consider the massive case. In this case we should have the following
integrand (compare with (39)):
δ
(
εk +
∑
i
εpi
)
δ
(
εk′ +
∑
i
εpi
)
·
( ∑
σ,σi=±1
σσ1σ2σ3
1
i(σk +
∑
i σipi − iǫ)
)
×
×
( ∑
σ,σi=±1
σσ1σ2σ3
−1
i(σk′ +
∑
i σipi + iǫ)
)
.
(40)
As in the section 8.1, the argument of the δ-function εk+
∑
i εpi is never equal to 0, so the correction,
in fact, is 0. And we do not have here any infrared divergence.
8.3 The broken world-line
In this case we use the modes from eq. (22). Then the integral over z can be divided as follows:
∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) =
∫ 0
t0
dz0
∫ ∞
0
dz1 h0k(z)h
0
p1(z)h
0
p2(z)h
0
p3(z)+
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+∫ T
0
dz0
∫ z0
−βz0
dz1 hβk (z)h
β
p1(z)h
β
p2(z)h
β
p3(z) +
∫ T
0
dz0
∫ ∞
z0
dz1 h0k(z)h
0
p1(z)h
0
p2(z)h
0
p3(z).
Adding the term ∫ T
0
dz0
∫ z0
0
dz1 h0k(z)h
0
p1(z)h
0
p2(z)h
0
p3(z)
to the r.h.s. of the equality above and subtracting it, we obtain the contribution to nkk′ from the
previous subsection: ∫ T
t0
dz0
∫ ∞
0
dz1 h0k(z)h
0
p1(z)h
0
p2(z)h
0
p3(z),
which tends to 0 when T → ∞, t0 → −∞. Consequently, in the limit T → ∞, t0 → −∞, the
integral over z can be simplified to:
∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) =
∫ T
0
dz0
∫ z0
−βz0
dz1 hβk (z)h
β
p1(z)h
β
p2(z)h
β
p3(z)−
−
∫ T
0
dz0
∫ z0
0
dz1 h0k(z)h
0
p1(z)h
0
p2(z)h
0
p3(z) =
=
∫ T (1+β)
0
du
∫ 2T−u
αu
dv hβkh
β
p1h
β
p2h
β
p3 −
∫ T
0
du
∫ 2T−u
u
dv h0kh
0
p1h
0
p2h
0
p3 . (41)
Let us calculate the first integral, neglecting exponentially small terms. We also omit the factor
1/
√
24kp1p2p3, which is not important for the calculation of the integrals over u and v (we will put
this factor back in the final result):
∫ T (1+β)
0
du
∫ 2T−u
αu
dv hβkh
β
p1h
β
p2h
β
p3 =
∫ T (1+β)
0
du e−i(k+p1+p2+p3−iǫ)αu
[
1
i(k + p1 + p2 + p3 − iǫ)+
+ 2T − u(1 + α) − 1
i(k + p1 + p2 − iǫ) −
1
i(p3 − iǫ) + ...
]
.
(42)
There are 15 terms of the following form in the sum:
(−1)σ+σ1+σ2+σ3 1
i(σk + σ1p1 + σ2p2 + σ3p3 − iǫ) ; σ, σ1, σ2, σ3 = 0, 1
(except for the case when σ = σ1 = σ3 = σ3 = 0) and the term 2T − u(1 + α), which comes from
the integration of the term e−i
(
k+
∑
i pi
)
over v. Performing the integration over u, we obtain:
1
iα(k + p1 + p2 + p3 − iǫ)
[
1
i(k + p1 + p2 + p3 − iǫ) + 2T + ...
]
+
1 + α
α2
1
(k + p1 + p2 + p3 − iǫ)2 .
The last term comes from the integration of u(1 + α)e−i(k+p1+p2+p3−iǫ)αu. Similarly, the second
integral in eq. (41) is equal to
1
i(k + p1 + p2 + p3 − iǫ)
[
1
i(k + p1 + p2 + p3 − iǫ) + 2T + ...
]
+
2
(k + p1 + p2 + p3 − iǫ)2
(the sum in square brackets is the same as above; note that the second integral in eq. (41) is equal
to the first one, calculated at β = 0).
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Therefore, combining all these expressions together, we obtain that∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) =
=
1− α
α
1
i(k + p1 + p2 + p3 − iǫ)
[
1
i(k + p1 + p2 + p3 − iǫ) + 2T −
1
i(k + p1 + p2 − iǫ) −
1
i(p3 − iǫ) + ...
]
+
+
[
1 + α
α2
− 2
]
1
(k + p1 + p2 + p3 − iǫ)2 .
(43)
Now we are going to leave only the leading terms, which are growing with T → +∞. Such terms
also appear from products of δ-functions, such as δ(k + p1 + p2 + p3)δ(σk + σ1p1 + σ2p2 + σ3p3)
(where σ, σ1, σ2, σ3 = 0, 1), as they are equal to δ(k+p1+p2+p3)δ(0) = δ(k+p1+p2+p3) · (2T/π).
Thus, ∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) =
= −2T (1− α)
α
[
v.p.
i
k + p1 + p2 + p3
+
1 + 2α
α
πδ(k + p1 + p2 + p3)
]
+O(1).
(44)
Now we are ready to write out the final result for nkk′ in the leading order in powers of T :
nkk′ ≈ 2λ2(2T )2 (1− α)
2
α2
∫ 3∏
j=1
dpj
2π
1
p1p2p3
1
24
√
kk′
[
v.p.
i
k + p1 + p2 + p3
+
1 + 2α
α
πδ(k + p1 + p2 + p3)
]
×
×
[
− v.p. i
k′ + p1 + p2 + p3
+
1 + 2α
α
πδ(k′ + p1 + p2 + p3)
]
.
(45)
Similarly to the case of standing mirror the terms, containing δ-functions give zero contribution,
so the result can be simplified to:
nkk′ ≈ 2λ2(2T )2 (1− α)
2
α2
∫ 3∏
j=1
dpj
2π
1
p1p2p3
1
24
√
kk′
[
v.p.
1
k + p1 + p2 + p3
]
·
[
v.p.
1
k′ + p1 + p2 + p3
]
.
(46)
It is probably worth stressing at this point that in the limit T → ∞ the loop corrections for the
case of the broken world-line well approximate the corrections for the case of the world–line, which
describes the eternal approach of the mirror to the with the constant speed β < 1, as t→∞:
x(t) =
{
0 t < 0
−βt+ a(1− e−βt/a) t ≥ 0, (47)
In this case one should use the modes e−ikv − e−ikp(u) instead of (22), but they coincide with each
other in the region u < 0 and are almost equal in the region u≫ a. One should also integrate over
z1 from x(z0) rather than from −βz0, but x(t) ≈ −βt when t ≫ u (see figure 5). So, in the limit
T → ∞ the loop corrections in the cases of the broken world-line and of the world-line (47) are
approximately equal.
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Figure 5: The world-line (47). In the yellow region the modes for the case of this world-line are
approximately equal to those for the case of the broken world-line. In the green region the are
different from each other.
8.4 The mirror, approaching the speed of light
Let us calculate nkk′(T ) for the mirror world-line (13). In this the modes can be represented as:
hk(u, v) = θ(−u)h0k(u, v) + θ(u)hβk (u, v), (48)
where
h0k(u, v) =
i√
2k
[
e−ikv − e−iku], and hβk(u, v) = i√
2k
[
e−ikv − e−ik(2tu−u)].
Here tu is defined by the equation:
tu − x(tu) = u.
Therefore, for this particular world-line
2tu − u = a(1− e−tu/a).
Note that any world-line x(t), expressed in coordinates (u, v), can be rewritten as follows:
v(u) = 2tu − u = tu + x(tu). (49)
Applying the same arguments as in the previous subsection, in the limit T → ∞, t0 → −∞ we
obtain the following expression for the integral over z (which is a part of nkk′ (33)):∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) =
∫ T
0
dz0
∫ z0
x(z0)
dz1 hβk (z)h
β
p1(z)h
β
p2(z)h
β
p3(z)−
−
∫ T
0
dz0
∫ z0
0
dz1 h0k(z)h
0
p1(z)h
0
p2(z)h
0
p3(z) =
=
∫ T−x(T )
0
du
∫ 2T−u
2tu−u
dv hβkh
β
p1h
β
p2h
β
p3 −
∫ T
0
du
∫ 2T−u
u
dv h0kh
0
p1h
0
p2h
0
p3 .
(50)
The second integral was calculated in the previous section. Let us compute the first one:∫ T−x(T )
0
du
∫ 2T−u
2tu−u
dv hβkh
β
p1h
β
p2h
β
p3 =
∫ T−x(T )
0
du e−i(k+p1+p2+p3−iǫ)(2tu−u)
[
1
i(k + p1 + p2 + p3 − iǫ)+
+ 2T − u− (2tu − u)− 1
i(k + p1 + p2 − iǫ) −
1
i(p3 − iǫ) + ...
]
.
(51)
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In this sum there are 15 terms of the following type:
(−1)σ+σ1+σ2+σ3 1
i(σk + σ1p1 + σ2p2 + σ3p3 − iǫ) ; σ, σ1, σ2, σ3 = 0, 1
(except for the case when σ = σ1 = σ3 = σ3 = 0) and the term 2T − u− (2tu − u) = 2(T − tu). It
is more convenient to change the variable u to tu in the last integral, using the fact that
dtu
[
1− dx(tu)
dtu
]
= du.
Then the previous integral transforms into∫ T
0
dtu
[
1− dx(tu)
dtu
]
e−i(k+p1+p2+p3−iǫ)(tu+x(tu))
[
1
i(k + p1 + p2 + p3 − iǫ)+
+ 2T − 2tu − 1
i(k + p1 + p2 − iǫ) −
1
i(p3 − iǫ) + ...
]
.
(52)
Note that this formula works for an arbitrary mirror world-line x(t). Substituting the world-line
under consideration into it, we obtain:∫ T
0
dtu
[
2− e−tu/a
]
e−i(k+p1+p2+p3−iǫ)a(1−e
−tu/a)
[
1
i(k + p1 + p2 + p3 − iǫ)+
+2T − 2tu − 1
i(k + p1 + p2 − iǫ) −
1
i(p3 − iǫ) + ...
]
.
It is probably worth stressing here that if the world-line had the form x(t) = −βt+ a(1 − e−βt/a)
with β < 1 at t > 0, then as a result of the integration we would obtain δ-functions due to pro-
portionality of the argument of the exponent to tu. Indeed, in such a case we would have had
tu + x(tu) = tu(1 − β) + a(1 − e−βt/a). When β = 1, however, the linear term in tu vanishes and
the situation is different.
To continue we write out all the integrals from the previous formula:∫ T
0
dtu e
−tu/a e−i(k−iǫ)ae
−tu/a
=
ei(k−iǫ)a − ei(k−iǫ)ae−T/a
i(k − iǫ) →
ei(k−iǫ)a − 1
i(k − iǫ) , T →∞∫ T
0
dtu e
−i(k−iǫ)ae−tu/a = T +
∞∑
n=1
an+1in(k − iǫ)n
n · n! , T →∞∫ T
0
dtu tue
−tu/a · e−i(k−iǫ)ae−tu/a =
∞∑
n=1
(−1)n(ia)n+1(k − iǫ)n−1
n · n! , T →∞∫ T
0
dtu tue
−i(k−iǫ)ae−tu/a =
T 2
2
+ ia
∞∑
n=1
∫ k−iǫ
0
dp
(−1)n(ia)n+1pn−1
n · n! , T →∞
In the formulae above we neglected exponentially small terms (e−T/a → 0). We would like to keep
track only of the leading terms as T →∞. What is important is that some of these integrals give a
power of T and that all powers of (k− iǫ) are non-negative. Thus, because of the behaviour of the
world-line z(t) at t→∞, integration over u does not yield δ-functions , but it does yield powers of
T . Now we are ready to write the complete expression for the integral over z:∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) =
[
1
i(k + p1 + p2 + p3 − iǫ)+
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+2T− 1
i(k + p1 + p2 − iǫ)−
1
i(p3 − iǫ)+...
][
e−i(k+p1+p2+p3−iǫ)a
(
2T+
∞∑
n=1
. . .
)
− 1
i(k + p1 + p2 + p3 − iǫ)
]
−
−2e−i(k+p1+p2+p3−iǫ)a
[
− T
2
2
+
∞∑
n=1
. . .
]
− 2
(k + p1 + p2 + p3 − iǫ)2 ,
where dots are standing for the subleading terms. We see that in this case, the leading term is of
the order of T 2:∫
d2z θ(T − z0) hk(z)hp1(z)hp2(z)hp3(z) = 5T 2e−i(k+p1+p2+p3−iǫ)a +O(T ). (53)
Finally, the expression for nkk′ to the leading order in powers of T (up to a numerical coefficient)
is as follows:
nkk′ ∝ λ2T 4 e
−i(k−k′−iǫ)a
√
kk′
·
∫ 3∏
j=1
dpj
2π
1
p1p2p3
. (54)
Figure 6: The region of integration in the integral (55). In the yellow region the reflected wave is
almost constant. In the green region it behaves like a plane wave.
This result can be easily understood. To calculate nkk′, one has to take the following integral
over z: ∫ T
0
dz0
∫ z0
x(z0)
dz hβk (z)h
β
p1(z)h
β
p2(z)h
β
p3(z), (55)
where hβp (z) ∝ e−ipv − e−ipa(1−e−tu/a). The reflected wave behaves like a constant in the region
u≫ a, and like a plane wave in the region u≪ a:
e−ipa(1−e
−tu/a) ∝
{
e−ipa u≫ a
e−iptu u≪ a.
As the result, from the integration over z0, z in the limit when T ≫ a, one obtains something
approximately proportional to the volume of the region of integration ∝ T 2 due to the behaviour
of reflected waves (see figure 6). Thus, nkk′ is proportional to T
2 · T 2 = T 4.
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However, the integral over pi in eq. (54) contains ultraviolet divergence
1. To regulate these
divergences one has to consider a non-perfect mirror of some sort. In fact, the divergences come
from the fact that the mode functions in this case behave as constants when u ≫ a. In the case
of non–perfect mirror the mode functions will depend on space and time coordinates in the limit
in question. This dependence should regulate the divergence under consideration. Just to give an
idea how it should work, consider modes, which have the following from
hk(u, v) ∝ α(k) e−i k v − β(k) e−i k p(u).
In the presence of a non–ideal mirror modes should have some similar form. In fact, imagine that
α(k) ∼ β(k) ∼ 1 for |k| < Λ and β(k) = 0 for |k| > Λ, where Λ is some energy scale. The behavior
of the modes under consideration just means that there is a mirror which reflects all the modes
with |k| < Λ and is transparent for those with |k| > Λ. If one recalculates the loop corrections with
the use of such modes, then instead of (54) he will obtain:
nkk′ ∝ λ2T 4 β(k)β¯(k′)e
−i(k−k′−iǫ)a
√
kk′
·
∫ 3∏
j=1
dpj |β(pj)|2
2πpj
, (56)
which obviously does not have any UV divergence. But, in any case, a more rigorous calculation
will be done elsewhere.
9 Calculation of two-loop corrections to κkk′
In this section we calculate κkk′ (35) for the same mirror world-lines as have been considered above.
9.1 The mirror at rest
Now we calculate the following quantity, which is the part of κkk′ :∫ ( 3∏
i=1
dpi
2π
)∫ T
t0
dz0
∫ ∞
0
dz1 h¯k(z
0, z)
3∏
i=1
hpi(z
0, z)
∫ z0
t0
dw0
∫ ∞
0
dw1 h¯k′(w
0, w)
3∏
i=1
h¯pi(w
0, w).
(57)
Integrating over z and w, we obtain:
− π
2
√
kk′
∫ ( 3∏
i=1
dpi
2π
)
1
24p1p2p3
∫ T
t0
dz0 e−i(−k+p1+p2+p3)z
0
∫ z0
t0
dw0 ei(k
′+p1+p2+p3)w0×
×
[ ∑
σ,σi=±1
σσ1σ2σ3 δ(−σk + σ1p1 + σ2p2 + σ3p3)
]
·
[ ∑
σ,σi=±1
σσ1σ2σ3 δ(σk
′ + σ1p1 + σ2p2 + σ3p3)
]
.
(58)
Taking the limit T →∞, t0 → −∞, we integrate over z0 and w0:∫ ∞
−∞
dz0 e−i(−k+p1+p2+p3)z
0
∫ z0
−∞
dw0 ei(k
′+p1+p2+p3)w0 =
∣∣∣∣w0 + z0 = x+; w0 − z0 = x−
∣∣∣∣ =
=
∫ 0
−∞
dx− e
i(p1+p2+p3+k′/2−k/2)x−
∫ ∞
−∞
dx+ e
i(k+k′)x+/2 = 4πδ(k + k′) · 1
i(p1 + p2 + p3 + (k′ − k)/2 − iǫ) .
(59)
1They are present on top of the infrared divergences, which are typical in such integrals for the massless field and
can be regularized by introducing a small mass, as we have explained above.
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This function differs from 0 only when k = k′ = 0, which means that the correction to κkk′ can be
rewritten as follows:
κkk′ =− π
2
√
kk′
∫ ( 3∏
i=1
dpi
2π
)
1
24p1p2p3
· 1
i(p1 + p2 + p3 + (k′ − k)/2 − iǫ) · 4πδ(k + k
′)×
×
[ ∑
σ,σi=±1
σσ1σ2σ3 δ(σ1p1 + σ2p2 + σ3p3)
]2
.
(60)
Obviously, the sum in square brackets is equal to 0. As is expected, in this case κkk′ = 0.
9.2 The broken world-line
The integral over (z0, z1) and (w0, w1) in (57) can be represented as follows:
[ ∫ T−x(T )
0
duz
∫ 2T−uz
2tuz−uz
dvz h¯
β
k (z)
3∏
i=1
hβpi(z) +
∫ 0
−∞
duz
∫ 2T−uz
uz
dvz h¯
0
k(z)
3∏
i=1
h0pi(z)
]
×
×
[ ∫ z0−x(z0)
0
duw
∫ 2z0−uw
2tuw−uw
dvw h¯
β
k′(w)
3∏
i=1
h¯βpi(w)+
∫ 0
−∞
duw
∫ 2z0−uw
uw
dvw h¯
0
k′(w)
3∏
i=1
h¯0pi(w)
]
, (61)
where z0 =
uz + vz
2
. This equation ia applicable to any mirror world-line x(t). In the case of the
broken world-line the integrals over uw and vw in eq. (61) turn into
∫ z0(1+β)
0
duw
∫ 2z0−uw
αuw
dvw h¯
β
k′(w)
3∏
i=1
h¯βpi(w) =
∫ z0(1+β)
0
duw
{
ei(k
′+p1+p2+p3)αuw(2z0−uw−αuw)+
+
ei(k
′+p1+p2+p3)(2z0−uw)
i(k′ + p1 + p2 + p3)
− e
ip3(2z0−uw)ei(k
′+p1+p2)αuw
ip3
+
ei(k
′+p3)(2z0−uw)ei(p1+p2)αuw
i(k′ + p3)
+ ...−
− ei(k′+p1+p2+p3)αuw
[
1
i(k′ + p1 + p2 + p3)
− 1
ip3
+
1
i(k′ + p3)
+ ...
]}
. (62)
The ellipsis denote the remaining contributions, which appear after the integration over vw of the
following expressions (with σ, σi = 0, 1):
ei(σk
′+σ1p1+σ2p2+σ3p3)vwei[(1−σ)k
′+(1−σ1)p1+(1−σ2)p2+(1−σ3)p3]αuw .
An integral of an analytic function over a finite region is again an analytic function. So, we do not
need any regularization in the expression above. It can be directly checked that when k′, pi → 0, all
singularities disappear. The first term in (62) will give the leading contribution to κkk′ as T →∞
(the rest will give something of a smaller order in powers of T ):
∫ z0(1+β)
0
duw e
i(k′+p1+p2+p3)αuw(2z0 − uw − αuw) = −2z
0
i(k′ +
∑
i pi)α
− (1 + α)e
i(k′+
∑
i pi)z
0(1−β)
(k′ +
∑
i pi)
2α2
.
Let us now calculate the integral over uw and vw in the expression (61):∫ 0
−∞
duw
∫ 2z0−uw
uw
dvw h¯
0
k′(w)
3∏
i=1
h¯0pi(w) =
∫ 0
−∞
duw
{
ei(k
′+p1+p2+p3)uw(2z0 − 2uw)+
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+
ei(k
′+p1+p2+p3)(2z0−uw)
i(k′ + p1 + p2 + p3)
− e
ip3(2z0−uw)ei(k
′+p1+p2)uw
ip3
+
ei(k
′+p3)(2z0−uw)ei(p1+p2)uw
i(k′ + p3)
+ ...−
− ei(k′+p1+p2+p3)uw
[
1
i(k′ + p1 + p2 + p3)
− 1
ip3
+
1
i(k′ + p3)
+ ...
]}
. (63)
The ellipsis denote the remaining terms, appearing after the integration over vw of the following
expressions (with σ, σi = 0, 1):
ei(σk
′+σ1p1+σ2p2+σ3p3)vwei[(1−σ)k
′+(1−σ1)p1+(1−σ2)p2+(1−σ3)p3]uw .
The first term in (63) will give the leading contribution to κkk′ :
∫ 0
−∞
duw e
i(k′+p1+p2+p3)uw(2z0 − 2uw) = 2z
0
i(k′ + p1 + p2 + p3 − iǫ) −
2
(k′ + p1 + p2 + p3 − iǫ)2 ∼
∼ 2z
0
i(k′ + p1 + p2 + p3 − iǫ) + 2π
2
[
δ(k′ + p1 + p2 + p3)
]2
,
(64)
with the last term giving δ(0)δ(k′ + p1+ p2+ p3) ∝ T · δ(k′+ p1+ p2+ p3). ”∼”-sign means that we
discard the terms, which are negligibly small compared to what we keep here. So, the correction
to κkk′ in the leading approximation looks as follows:
[ ∫ T (1+β)
0
duz
∫ 2T−uz
αuz
dvz h¯
β
k(z)
3∏
i=1
hβpi(z) +
∫ 0
−∞
duz
∫ 2T−uz
uz
dvz h¯
0
k(z)
3∏
i=1
h0pi(z)
]
×
×
[
α− 1
α
2z0
i(k′ + p1 + p2 + p3)
+ 2π2δ(k′ + p1 + p3 + p3)δ(0)
] (65)
The integral, which contains z0/(k′ + p1 + p2 + p3), can be calculated as follows:
{∫ T (1+β)
0
du
∫ 2T−u
αu
dv (u+ v)
[
eikv − eikαu] 3∏
i=1
[
e−ipiv − e−ipiαu]+
+
∫ 0
−∞
du
∫ 2T−u
u
dv (u+ v)
[
eikv − eiku] 3∏
i=1
[
e−ipiv − e−ipiu]} · α− 1
α
1
i(k′ + p1 + p2 + p3)
∼
∼
{∫ ∞
0
du e−i(−k+p1+p2+p3)αu
[
(2T − u)2
2
− (αu)
2
2
+ (2T − u− αu) · u
]
+
+
∫ 0
−∞
du e−i(−k+p1+p2+p3)u
[
(2T − u)2
2
− u
2
2
+ 2T − 2u
]}
· α− 1
α
1
i(k′ + p1 + p2 + p3)
∼
=
α− 1
α
T 2
i(k′ + p1 + p2 + p3)
{
bα · v.p. 1−k + p1 + p2 + p3 + cα · δ(−k + p1 + p2 + p3)
}
,
(66)
where bα and cα are just constant coefficients, which depend on α. The integral from eq. (65),
which is proportional to δ(0), is equal to
2π2δ(0)δ(k′+p1+p2+p3)
[ ∫ T (1+β)
0
duz
∫ 2T−uz
αuz
dvz h¯
β
k(z)
3∏
i=1
hβpi(z)+
∫ 0
−∞
duz
∫ 2T−uz
uz
dvz h¯
0
k(z)
3∏
i=1
h0pi(z)
]
.
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The expression in square brackets has already been calculated in the section 8.3. So, using the
result (44), we obtain the answer:
−2π2δ(0)δ(k′ + p1 + p2 + p3) · 2T (1− α)
α
[
v.p.
i
k + p1 + p2 + p3
+
1 + 2α
α
πδ(k + p1 + p2 + p3)
]
.
Therefore, the loop correction to κkk′ for the broken world-line is also proportional to λ
2T 2:
κkk′ ≈ λ2T 2 1√
kk′
α− 1
α
∫ ( 3∏
i=1
dpi
2π
)
1
p1p2p3
{
1
i(k′ + p1 + p2 + p3)
[
bα · v.p. 1−k + p1 + p2 + p3+
+ cα · δ(−k + p1 + p2 + p3)
]
− dα · δ(k′ + p1 + p2 + p3)
[
v.p.
i
k + p1 + p2 + p3
+
+
1 + 2α
α
πδ(k + p1 + p2 + p3)
]}
+
{
k ↔ k′},
(67)
where dα is a constant whose exact from is not very relevant for the estimates of the leading terms
that we consider here. After getting rid of the last term, proportional to δ(k′ +
∑
pi), one obtains
that:
κkk′ ≈ λ2T 2 1√
kk′
α− 1
α
∫ ( 3∏
i=1
dpi
2π
)
1
p1p2p3
· 1
i(k′ + p1 + p2 + p3)
[
bα · v.p. 1−k + p1 + p2 + p3+
+ cα · δ(−k + p1 + p2 + p3)
]
+
{
k ↔ k′}.
(68)
9.3 The mirror approaching the speed of light
In the case of the world-line (13), the first integral over uw and vw in eq. (61) turns into∫ z0−x(z0)
0
duw
∫ 2z0−uw
2tuw−uw
dvw
(
eik
′vw − eik′(2tuw−uw)
) 3∏
i=1
(
eipivw − eipi(2tuw−uw)
)
=
=
∫ z0−x(z0)
0
duw
[
ei(k
′+p1+p2+p3)(2z0−uw) − ei(k′+p1+p2+p3)(2tuw−uw)
i(k′ + p1 + p2 + p3)
+(2z0−2tuw)ei(k
′+p1+p2+p3)(2tuw−uw)+
+
ei(k
′+p1)(2z0−uw) − ei(k′+p1)(2tuw−uw)
i(k′ + p1)
ei(p2+p3)(2tuw−uw) + ...
]
. (69)
The ellipsis denote the remaining terms, obtained after the integration over vw of the following
expressions (with σ, σi = 0, 1):
ei(σk
′+σ1p1+σ2p2+σ3p3)vwei[(1−σ)k
′+(1−σ1)p1+(1−σ2)p2+(1−σ3)p3](2tuw−uw).
The second term in (69) gives the leading contribution to κkk′ in the limit T → +∞:
∫ z0−x(z0)
0
duw (2z
0 − 2tuw)ei(k
′+p1+p2+p3)(2tuw−uw) =
=
∫ z0
0
dtuw
[
2− e−tuw/a
]
(2z0 − 2tuw)ei(k
′+
∑
i pi)a(1−e
−tuw /a).
(70)
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In different regions the integrand behaves as follows:
integrand ≈


4(z0 − tuw)ei(k
′+
∑
i pi)a, tuw ≫ a,
2
(
1 +
tuw
a
)
(z0 − tuw)ei(k
′+
∑
i pi)tuw , tuw ≪ a.
Therefore, for those z0, which are much greater than a, the integral (70) approximately equals
2(z0)2ei(k
′+
∑
i pi)a. Thus, κkk′ is approximately equal to
∫ T
0
dz0
∫ z0
x(z0)
dz h¯βk(z
0, z)
3∏
i=1
hβpi(z
0, z) · 2(z0)2 · ei(k′+
∑
i pi)a =
= 2ei(k
′+
∑
i pi)a
∫ T−x(T )
0
du
∫ 2T−u
2tu−u
dv (u+ v)2
(
eikv − eik(2tu−u)
) 3∏
i=1
(
e−ipiv − e−ipi(2tu−u)
)
.
This integral is proportional to T 4 in the leading order. Indeed, let us show, how to calculate one
of its parts:
∫ T−x(T )
0
du u
∫ 2T−u
2tu−u
dv v
(
eikv − eik(2tu−u)
) 3∏
i=1
(
e−ipiv − e−ipi(2tu−u)
)
∼
∼ 1
2
∫ T−x(T )
0
du u
[
(2T − u)2 − (2tu − u)2
]
e−i(−k+
∑
i pi)(2tu−u) =
=
1
2
∫ T
0
dtu
[
2− e−tu/a
][
2tu − a(1− e−tu/a)
][[
2(T − tu) + a(1− e−tu/a)
]2 − a2(1− e−tu/a)]×
× e−i(−k+
∑
i pi)a(1−e
−tu/a) ∼ const ·e−i(−k+
∑
i pi)a · T 4.
(71)
So, the correction to κkk′ in the leading approximation as T →∞ is proportional to λ2T 4:
κkk′ ∝ λ2T 4 e
i(k+k′)a
√
kk′
·
∫ 3∏
j=1
dpj
2π
1
p1p2p3
. (72)
(see the discussion of the UV divergence, contained in this expression, in the section 8.4).
10 One-loop corrections to the Keldysh propagator
Let us calculate the one-loop correction to the Keldysh propagator:
∆GKxy =
∑
σ,σ1=±1
x, σ z, σ1 y, σ (73)
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Using the expressions of the propagators through the mode functions (30), one can obtain the
following results for nkk′ and κkk′ for this loop in the limit
x0 + y0
2
= T → +∞,
∣∣x0− y0∣∣ = const:
nkk′ ∝ λ
∫
d2z
[
θ(x0−z0)θ(z0−y0)−θ(z0−x0)θ(y0−z0)
]
hk(z)h¯k′(z)
∫
dp
2π
hp(z)h¯p(z)
∣∣∣∣
x0≈y0≈T
≈ 0.
Thus, interestingly enough for any type of the mirror motion we obtain that the contribution to
nkk′ coming from one loop is always zero. However, that is not true for κkk′ :
κkk′ ∝ λ
∫
d2z θ(T−z0) h¯k(z)h¯k′(z)
∫
dp
2π
hp(z)h¯p(z) = λ
∫
dp
2π
∫
d2z θ(T−z0) h¯k(z)h¯k′(z)hp(z)h¯p(z).
(74)
Let us remind that the two-loop sunset diagram correction to nkk′ looks as follows (33):
nkk′ ∝ λ2
∫ ( 3∏
i=1
dpi
2π
)∫
d2z θ(T − z0) hk(z)
3∏
i=1
hpi(z)
∫
d2w θ(T − w0) h¯k′(w)
3∏
i=1
h¯pi(w),
and we have already calculated this expression in the section 8. Performing in the integral
∫
d2z θ(T − z0) hk(z)
3∏
i=1
hpi(z)
the following change of variables
k → −k, p1 → −k′, p2 → p, p3 → −p,
one can obtain the result for the one-loop correction (74):
κkk′ ∝ λ
∫
dp
2π
1√
24 · kk′p2 · 2πδ(k + k
′) ·
( ∑
σ,σ′,σi=±1
σσ′σ1σ2
1
i(−σk − σ′k′ + σ1p− σ2p− iǫ)
)
≈ 0
(75)
for the mirror at rest, and
κkk′ ≈ −λ 2T (1− α)
α
∫
dp
2π
1√
24 · kk′p2
·
[
− v.p. i
k + k′
+
1 + 2α
α
πδ(k + k′)
]
+O(1) (76)
for the broken world-line, and
κkk′ ∝ λT 2
∫
dp
2π
1√
24 · kk′p2
· e−i(−k−k′−iǫ)a +O(T ) (77)
for the mirror, approaching the speed of light.
11 Corrections to the four-point correlation functions
In this section we also consider the following correction to the four-point correlation function in
the limit when x10, x
2
0, x
3
0, x
4
0 ∼ T → +∞, while the distances |xi0 − xj0| for all i < j are kept fixed:
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∆G++−−x1x2x3x4 =
∑
σi=±1
x1,+
z, σ1
x2,+
w, σ2
x3,−
x4,−
(78)
The sum of these diagrams is proportional to
λ2
∫
d2z
∫
d2w
{
G+−x1zG
+−
x2z
[
G−+zw
]2
G+−wx3G
+−
wx4 −G+−x1zG+−x2z
[
G−−zw
]2
G−−wx3G
−−
wx4+
+G++x1zG
++
x2z
[
G+−zw
]2
G−−wx3G
−−
wx4 −G++x1zG++x2z
[
G++zw
]2
G+−wx3G
+−
wx4
}
.
By analogy with the formula (31), we represent this correction in the following form:∫ ( 4∏
i=1
dki
2π
) [
n
(1)
k1k2k3k4
· hk1(x1)hk2(x2)h¯k3(x3)h¯k4(x4)+n(2)k1k2k3k4 · hk1(x1)h¯k2(x2)h¯k3(x3)h¯k4(x4)+ ...
]
The last sum includes all possible terms with products of hki(xi) and h¯kj (xj). Let us calculate the
function n
(1)
k1k2k3k4
in the approximation under consideration:
n
(1)
k1k2k3k4
≈
∫
dp
2π
∫
dp′
2π
∫
d2z h¯k1(z)h¯k2(z)hp(z)hp′(z)
∫
d2w h¯p(w)h¯p′(w)hk3(w)hk4(w)×
×
[
θ(z0 − T )θ(w0 − T )− θ(z0 − w0)θ(w0 − T )− θ(w0 − z0)θ(z0 − T )
]
+
+
∫
dp
2π
∫
dp′
2π
∫
d2z h¯k1(z)h¯k2(z)h¯p(z)h¯p′(z)
∫
d2w hp(w)hp′(w)hk3(w)hk4(w)×
×
[
1− θ(w0 − z0)θ(w0 − T )− θ(z0 − w0)θ(z0 − T )
]
(79)
Simplifying the factor, containing theta-functions, from the first term above, we obtain:
θ(w0 − T )[θ(z0 − T )− θ(z0 − w0)]− θ(w0 − z0)θ(z0 − T ) =
= θ(w0 − T )θ(z0 − T )θ(w0 − z0)− θ(w0 − z0)θ(z0 − T ) =
= −θ(T − w0)θ(w0 − z0)θ(z0 − T ) = 0.
(80)
Consequently, only the second term in the formula (79) contributes to n
(1)
k1k2k3k4
, which becomes
equal after further simplification to:
n
(1)
k1k2k3k4
≈
∫
dp
2π
∫
dp′
2π
∫
d2z h¯k1(z)h¯k2(z)h¯p(z)h¯p′(z)
∫
d2w hp(w)hp′(w)hk3(w)hk4(w)×
×
[
θ(T − w0)θ(w0 − z0) + θ(T − z0)θ(z0 − w0)
] (81)
Notice that almost the same integrals have already been calculated in the section 9 (see eqs.
(35), (57), (61)-(67)), and they appeared to grow with time as some power of T . Similarly, every
term in the last formula grows with time as T 2 in the case of the broken world-line with β < 1
or as T 4 in the case of the mirror, approaching the speed of light. Thus, the correction to the
four-point correlation function coming from n
(1)
k1k2k3k4
is proportional to λ2T 2 or λ2T 4, depending
on the mirror world-line.
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12 Conclusions and acknowledgements
First of all, let us notice in conclusion that the exact Keldysh propagator in the interacting
theory has the following form, when both points x and y have the same time coordinate x0 = y0:
GKxy
∣∣
x0=y0
= GK(0)xy
∣∣
x0=y0
+
+
∫∫
dk
2π
dk′
2π
[ 〈a†kak′〉 h¯k(x)hk′(y) + 〈akak′〉hk(x)hk′(y) + c. c. ],
where GK(0) is a Keldysh propagator in the tree-level approximation, and operators a†k, ak are
creation and annihilation operators in the interaction representation (consequently, they depend
on time). Comparing this formula with the formula (31) for corrections to the Keldysh propagator,
one notices that quantities nkk′ are occupation numbers nkk′ = 〈a†kak′〉, while κkk′ are anomalous
quantum averages κkk′ = 〈akak′〉 . The fact that these quantities become non-zero indicates that
the ground state of the system under consideration changes during its evolution.
To sum up, we have demonstrated in the article that in the two-dimensional massless scalar field
theory with the null boundary condition on some time-like curve and with the λφ4 self–interaction
loop corrections to the Keldysh propagator (and, consequently, to the energy flux) grow with time,
which can lead to a significant change in the value of the energy flux, found in the tree-level ap-
proximation. To make a clear statement about this effect, it is necessary to resum the leading
corrections, coming from all loops, as it was done in already mentioned cases of de Sitter space
scalar field theory and of scalar electrodynamics in the electric field background [6]-[9], [11], [12].
I would like to acknowledge discussions with L.Astrakhantsev, A.Diatlyk and F.Bascone. I
would like to thank E.Akhmedov for formulating these problems for me and shearing his insight
into this subject. My work is done under the financial support of the state grant Goszadanie
3.9904.2017/BCh.
13 References
[1] E. T. Akhmedov and S. O. Alexeev, arXiv:1707.02242 [hep-th].
[2] N. D. Birrell and P. C. W. Davies, doi:10.1017/CBO9780511622632
[3] P. C. W. Davies and S. A. Fulling, Proc. Roy. Soc. Lond. A 348, 393 (1976);
P. C. W. Davies and S. A. Fulling, Proc. Roy. Soc. Lond. A 356, 237 (1977).
doi:10.1098/rspa.1977.0130
[4] L. D. Landau and E. M. Lifshitz, Vol. 10 (Pergamon Press, Oxford, 1975).
[5] A.Kamenev, “Many-body theory of non-equilibrium systems”, arXiv:cond-mat/0412296; Bib-
liographic Code: 2004cond.mat.12296K.
[6] E. T. Akhmedov, JHEP 1201, 066 (2012) [arXiv:1110.2257 [hep-th]].
[7] E. T. Akhmedov and P. .Burda, Phys. Rev. D 86, 044031 (2012) [arXiv:1202.1202 [hep-th]].
[8] E. T. Akhmedov, Phys. Rev. D 87, 044049 (2013) [arXiv:1209.4448 [hep-th]].
31
[9] E. T. Akhmedov, F. K. Popov and V. M. Slepukhin, Phys. Rev. D 88, 024021 (2013)
[arXiv:1303.1068 [hep-th]].
[10] E. T. Akhmedov, International Journal of Modern Physics D, Vol. 23, No. 1, 1430001 (2014)
[arXiv:1309.2557 [hep-th]].
[11] E. T. Akhmedov, N. Astrakhantsev and F. K. Popov, JHEP 1409, 071 (2014)
doi:10.1007/JHEP09(2014)071 [arXiv:1405.5285 [hep-th]].
[12] E. T. Akhmedov and F. K. Popov, JHEP 1509, 085 (2015) doi:10.1007/JHEP09(2015)085
[arXiv:1412.1554 [hep-th]].
[13] E. T. Akhmedov, H. Godazgar and F. K. Popov, Phys. Rev. D 93, no. 2, 024029 (2016)
doi:10.1103/PhysRevD.93.024029 [arXiv:1508.07500 [hep-th]].
[14] E. T. Akhmedov, U. Moschella, K. E. Pavlenko and F. K. Popov, arXiv:1701.07226 [hep-th].
[15] A. A. Starobinsky and J. Yokoyama, Phys. Rev. D 50, 6357 (1994)
doi:10.1103/PhysRevD.50.6357 [astro-ph/9407016].
[16] N. C. Tsamis and R. P. Woodard, Nucl. Phys. B 724, 295 (2005)
doi:10.1016/j.nuclphysb.2005.06.031 [gr-qc/0505115].
32
